We constructed several families of elliptic K3 surfaces with Mordell-Weil groups of ranks from 1 to 4. We studied F-theory compactifications on these elliptic K3 surfaces times a K3 surface.
Introduction
F-theory [1, 2, 3] provides a useful framework for model building in particle physics. SU (5) grand unified theories with matter fields in SO(10) spinor representations are naturally realized in F-theory. The F-theory approach can also avoid the issue concerning weakly coupled heterotic strings addressed in [4] . Local F-theory models [5, 6, 7, 8] have been mainly considered in recent progress on model building in F-theory. Global structures of F-theory models, however, must be studied to address the problems of gravity and the early universe.
In this study, we constructed several families of elliptic K3 surfaces with a section that have the Mordell-Weil groups of ranks from 1 to 4. We give the Weierstrass equations with parameters to describe these families of elliptic K3 surfaces with nonzero Mordell-Weil ranks.
In F-theory compactification, the Mordell-Weil rank of elliptic fibration of the compactification space is equal to the number of U (1)-gauge fields that arise in the resulting theory. Therefore, a U (1)-gauge field arises in F-theory compactifications on the families of K3 surfaces with nonzero Mordell-Weil ranks that we constructed in this study. Particularly, U (1) n arises in F-theory compactification on a K3 surface with the Mordell-Weil group of rank n times a K3 surface. F-theory compactifications on elliptic fibrations with a global section have been discussed, for example, in [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . The presence of U (1) symmetry in F-theory compactifications relates to the realization of GUT, because U (1) symmetry in F-theory helps to explain characteristic properties of GUT, including the suppression of proton decay, and the mass hierarchies of leptons and quarks.
It is technically considerably difficult to construct an elliptic K3 surface with a given Mordell-Weil rank by manipulating the coefficients of the Weierstrass equation that gives an elliptic K3 surface. Furthermore, the Picard numbers of elliptic K3 surfaces vary depending on the complex structures. Owing to this nature of a K3 surface, fixing the singularity type of an elliptic K3 surface does not determine the Mordell-Weil rank.
In contrast, the sum of the ranks of the Mordell-Weil group and the singularity type of a rational elliptic surface with a global section is always 8. Thus, it is much easier, when compared to an elliptic K3 surface, to construct a rational elliptic surface with a given Mordell-Weil rank, by choosing an appropriate singularity type. Furthermore, gluing two identical rational elliptic surfaces with a global section yields an elliptic K3 surface with a section, as discussed in [22] in the context of F-theory compactifications and the stable degeneration limit [23, 24] 1 . The Mordell-Weil rank of the resulting K3 surface is generically identical to the original rational elliptic surface under this operation. By utilizing the properties that we mentioned above, in this study we construct families of elliptic K3 surfaces with the Mordell-Weil ranks from 1 to 4, by constructing families of rational elliptic surfaces with the Mordell-Weil groups of ranks from 1 to 4, and gluing pairs of isomorphic rational elliptic surfaces that belong to these families.
The process of gluing two isomorphic rational elliptic surfaces with a section to give an elliptic K3 surface is described by the quadratic base change of a rational elliptic surface [22] . This particularly means that the substitution of a quadratic equation into the coordinate variable of the base P 1 in the Weierstrass equation of a rational elliptic surface yields the Weierstrass equation of the resulting K3 surface, which is obtained as the quadratic base change of the rational elliptic surface. Gluing two identical rational elliptic surfaces together can be seen as the reverse of stable degeneration, in which a K3 surface splits into two rational elliptic surfaces.
The structures of rational elliptic surfaces 2 have been studied in the literature. The singularity types and the corresponding Mordell-Weil groups of rational elliptic surfaces are classified in [30] . Pencils of rational elliptic surfaces that have the singularity types of rank 8, namely, extremal rational elliptic surfaces 3 , are deduced in [32] . Pencils of rational elliptic surfaces with the singularity types of rank 7 are obtained in a recent study [33] .
The Picard number of any rational elliptic surface with a section is 10. The ranks of the Mordell-Weil group and the singularity type of a rational elliptic surface with a global section are complementary, and the sum of the two ranks is always 8. Therefore, it follows from this fact that rational elliptic surfaces with a section, the ranks of the singularity types of which are strictly less than 8, in fact have Mordell-Weil ranks greater than or equal to 1. In this study, we constructed families of rational elliptic surfaces with specific singularity types of ranks less than 8. The quadratic base change of these families of rational elliptic surfaces yields families of elliptic K3 surfaces with nonzero Mordell-Weil ranks. The fact that the resulting elliptic K3 surfaces obtained as the quadratic base change of rational elliptic surfaces with nonzero Mordell-Weil ranks have the Mordell-Weil groups of positive ranks follows from the following relation that holds between the Mordell-Weil group of a rational elliptic surface and that of the resulting K3 surface: Because a global section of a rational elliptic surface X lifts to a global section of K3 surface S through the quadratic base change, the Mordell-Weil group of a rational elliptic surface X is a subgroup of the Mordell-Weil group of K3 surface S obtained as the quadratic base change of the rational elliptic surface X. Thus, the Mordell-Weil rank of the resulting K3 surface S is always larger than or equal to the Mordell-Weil rank of rational elliptic surface X:
Therefore, the quadratic base change of rational elliptic surfaces with nonzero Mordell-Weil ranks yields elliptic K3 surfaces with various nonzero Mordell-Weil ranks. The Mordell-Weil rank of the resulting K3 surface S and that of rational elliptic surface X are equal for a generic quadratic base change; the Mordell-Weil rank of K3 surface S becomes strictly larger than the Mordell-Weil rank of the original rational elliptic surface X when the parameters of the quadratic base change assume special values 4 . We discuss these in detail in Section 2. In this study, we focused on the generic situations in which the Mordell-Weil rank remains unchanged through the base change.
Concretely, in this study we constructed families of rational elliptic surfaces with a global section, that have the singularity types E 7 , D 7 , E 6 A 1 , E 6 , D 6 , D 5 , and A 4 . These surfaces are familiar, and they have been well studied in the context of heterotic/F-theory duality [34, 23, 35] . These rational elliptic surfaces have singularity types of ranks from 4 to 7, therefore, these rational elliptic surfaces have the Mordell-Weil groups of ranks from 1 to 4; the quadratic base change of these families of rational elliptic surfaces yields families of elliptic K3 surfaces with Mordell-Weil ranks from 1 to 4.
In F-theory compactification, non-Abelian gauge symmetries that arise on the 7-branes correspond to the types of singular fibers of elliptic fibration of the compactification space [3, 34] . The correspondences of the types of singularities of the compactification space and the types of the singular fibers are listed in Table 1 . The singular fiber types of elliptic surfaces were classified in [36, 37] . See [38, 39] for discussions on determining the singular fibers of elliptic surfaces. Discussions on elliptic surfaces and singular fibers can also be found in [40, 41, 42, 43, 44] .
Type of singular fiber
Singularity type Table 1 : Correspondences of types of singular fibers and the singularity types of the compactification space.
This note is structured as follows: The general strategy to construct families of elliptic K3 surfaces with the nonzero Mordell-Weil ranks from families of rational elliptic surfaces is described in Section 2. We describe the construction of rational elliptic surfaces with a section with specific singularity types in Section 3. As described in Section 4, after a brief review of the quadratic base change of a rational elliptic surface, we obtained several families of elliptic K3 surfaces with nonzero Mordell-Weil ranks as the quadratic base change of rational elliptic surfaces, that were constructed as described in Section 3. The resulting K3 surfaces have the Mordell-Weil groups of ranks from 1 to 4. The gauge groups arising in F-theory compactifications on these elliptic K3 surfaces are discussed in Section 5. Central results of this note are deduced in Section 4 and Section 5. We state the concluding remarks in Section 6.
2 General strategy to construct elliptic K3 surfaces with various Mordell-Weil ranks
We describe the general strategy for constructing families of elliptic K3 surfaces with nonzero Mordell-Weil ranks in this section. We consider the gluing of two identical rational elliptic surfaces with a global section to obtain such K3 surfaces. Gluing pairs of rational elliptic surfaces with a section and deformations to K3 surfaces, as the reverse of the stable degeneration of a K3 surface splitting into a pair of rational elliptic surfaces, is discussed in [22] . Gluing two identical rational elliptic surfaces along a pair of isomorphic smooth fibers corresponds to the quadratic base change of the rational elliptic surface [22] . Because a pair of identical rational elliptic surfaces are glued together, the singular fibers of the resulting K3 surface are twice the number of the singular fibers of the rational elliptic surface.
We show that a section of the rational elliptic surface X extends to a global section of the elliptic K3 surface S that is obtained as the quadratic base change of the rational elliptic surface X through the quadratic base change. This can be shown as follows: We use [t : s] to denote the coordinate of the base P 1 . The quadratic base change is an operation that replaces the coordinate variables t, s of the base P 1 with homogeneous quadratic polynomials q 1 (t, s), q 2 (t, s):
gives a section of the Weierstrass form of a rational elliptic surface X, where h i , i = 1, 2, 3, are functions over the base
] gives a section of the resulting elliptic K3 surface S obtained as the quadratic base change. This shows that a section of a rational elliptic surface X extends globally to a section of the resulting elliptic K3 surface S through the quadratic base change. Therefore, the quadratic base change (2) induces an injective 5 group homomorphism from the Mordell-Weil group MW(X) of the rational elliptic surface X to the Mordell-Weil group MW(S) of the resulting elliptic K3 surface S. The Mordell-Weil group MW(X) of the rational elliptic surface X embeds into the Mordell-Weil group MW(S) of the resulting elliptic K3 surface S under the group homomorphism. Therefore, the Mordell-Weil group of the rational elliptic surface X is a subgroup of the Mordell-Weil group of the resulting elliptic K3 surface S. When the Mordell-Weil group of the rational elliptic surface X has rank n and the sections, s 1 (t, s), s 2 (t, s), · · · , s n (t, s), generate the free part Z n of the Mordell-Weil group of the rational elliptic surface X, the sections, s 1 (q 1 , q 2 ), s 2 (q 1 , q 2 ), · · · , s n (q 1 , q 2 ), obtained through the quadratic base change generate a Z n group in the Mordell-Weil group of the elliptic K3 surface S. Thus, it follows that the rank of the Mordell-Weil group MW(S) of the resulting elliptic K3 surface S is larger than or equal to the rank of the Mordell-Weil group MW(X) of the original rational elliptic surface X. We show that the Mordell-Weil rank of the resulting elliptic K3 surface S is equal to that of the original rational elliptic surface X for generic values of the parameters of the quadratic base change. This can be proved as follows: Suppose that the Mordell-Weil rank of the K3 surface S is strictly larger than the Mordell-Weil rank of the original rational elliptic surface X for generic values of the parameters of the quadratic base change. This means that the Mordell-Weil group MW(S) of the K3 surface S has a free section, s * , that does not come from the sections of the original rational elliptic surface X under the group homomorphism. As discussed in [22] , the resulting elliptic K3 surface S splits into a pair of two isomorphic original rational elliptic surfaces X under the stable degeneration. Because the Mordell-Weil rank of the K3 surface S is strictly larger than that of the rational elliptic surface X for generic values of the parameters of the quadratic base change, the free section s * remains a free section under the stable degeneration; therefore, the free section s * splits into sections of two copies of rational elliptic surfaces X. We denote the resulting section of the rational elliptic surface X bys * . This means that the free section s * of the K3 surface S can be obtained by gluing together these sectionss * of the rational elliptic surfaces X. It follows that the sections * of the original rational elliptic surface X is mapped to the free section s * of the elliptic K3 surface S under the group homomorphism, which is a contradiction. Thus, we conclude that the rank of the Mordell-Weil group of the elliptic K3 surface S is equal to the rank of the Mordell-Weil group of the original rational elliptic surface X for generic values of the parameters of the quadratic base change.
The Picard number of an elliptic K3 surface with a global section depends on the complex structure, ranging from 2 to 20, and it varies; even when we fix the singularity type of an elliptic K3 surface, this does not determine the rank of the Mordell-Weil group. In contrast, the Picard number of any rational elliptic surface with a section is 10. It follows from the Shioda-Tate formula [40, 45, 46] that the sum of the rank of the singularity type of a rational elliptic surface with a global section and the rank of the Mordell-Weil group is 8:
We have used rk ADE in (3) to denote the rank of the singularity type of a rational elliptic surface. When the rank of the singularity type of a rational elliptic surface is fixed, this property determines the Mordell-Weil rank. Using this fact, we construct families of rational elliptic surfaces with nonzero Mordell-Weil ranks, by choosing the singularity types of ranks less than 8. The quadratic base change of these rational elliptic surfaces with nonzero MordellWeil groups yields families of elliptic K3 surfaces with nonzero Mordell-Weil ranks.
To be explicit, we constructed families of rational elliptic surfaces with Mordell-Weil ranks 1, 2, 3, and 4; the quadratic base change of these families generically yields families of elliptic K3 surfaces with the Mordell-Weil ranks 1, 2, 3, and 4. Families of such rational elliptic surfaces are described in Section 3, and families of elliptic K3 surfaces obtained as the quadratic base change are given in Section 4. As discussed in Section 5, U (1) n gauge groups, n = 1, · · · , 4, arise in F-theory compactifications on these K3 surfaces times a K3.
As families of rational elliptic surfaces with the Mordell-Weil groups of rank 1, in this study, we considered rational elliptic surfaces with the following rank 7 singularity types:
We considered rational elliptic surfaces with the singularity types:
to obtain families of rational elliptic surfaces with the Mordell-Weil rank 2. Rational elliptic surfaces with the singularity type
have the Mordell-Weil rank 3. We considered rational elliptic surfaces with the singularity type
to obtain a family of rational elliptic surfaces with the Mordell-Weil rank 4. The aforementioned argument applies to general rational elliptic surfaces. Namely, gluing two isomorphic rational elliptic surfaces with the Mordell-Weil rank n along isomorphic smooth fibers generically yields an elliptic K3 surface with the Mordell-Weil rank n, the singular fibers of which are twice the number of the singular fibers of the original rational elliptic surface. U (1) n gauge symmetry arises in F-theory compactification on the resulting K3 surface times a K3 surface. For example, when the most general homogeneous polynomials of degree 4, f , and degree 6, g, are chosen, the Weierstrass equation
describes a rational elliptic surface with the singularity type of rank 0. By the Shioda-Tate formula, rational elliptic surfaces with the singularity types of rank 0 have the Mordell-Weil rank 8. The complex structure moduli of such rational elliptic surfaces is eight-dimensional. The Mordell-Weil groups of generic elliptic K3 surfaces obtained as the quadratic base change of rational elliptic surfaces with the Mordell-Weil rank 8 generically have rank 8. Applying the technique of the quadratic base change, U (1) symmetries in F-theory compactifications on K3 surfaces obtained as the quadratic base change of all rational elliptic surfaces times a K3 surface can be exhaustively studied. These investigations can be future directions. To show that the technique of the quadratic base change of rational elliptic surfaces to yield elliptic K3 surfaces can be useful in studying the structures of U (1) gauge symmetries in F-theory compactifications, in this note, we particularly considered the rational elliptic surfaces with the singularity types (4)-(7). The complex structure moduli of these particular rational elliptic surfaces have lower dimensions. As a result, these rational elliptic surfaces are described by the Weierstrass equations with the fewer numbers of parameters. Owing to this, relatively simple Weierstrass equations can describe these rational elliptic surfaces, and the resulting elliptic K3 surfaces obtained as the quadratic base change of these rational elliptic surfaces. The methods used in this study can be applied to other general rational elliptic surfaces.
Rational elliptic surfaces with various Mordell-Weil ranks
We construct families of rational elliptic surfaces with a global section, with various fixed singularity types. Each of these families is described by the Weierstrass equation with parameters. We consider the following singularity types:
Rational elliptic surfaces with singularity types of rank 7
We construct rational elliptic surfaces with the singularity types E 7 , D 7 , and E 6 A 1 . The complex structure moduli of such rational elliptic surfaces are one-dimensional. As discussed in Section 4.2.1, generic K3 surfaces obtained as the quadratic base change of these rational elliptic surfaces have the Mordell-Weil rank 1.
Singularity type E 7
We construct a family of rational elliptic surfaces with a section with the singularity type E 7 , a generic member of which has one type III * fiber and three type I 1 fibers 6 . By considering the automorphism of the base P 1 , we may assume that the type III * fiber is located at the infinity of the base P 1 , and one of the three type I 1 fibers is at the origin of the base P 1 . The following Weierstrass equation 7 describes this family:
6 The configuration of the singular fibers, one type III * fiber, one type II fiber, and one type I 1 fiber, is also possible for rational elliptic surfaces with E 7 singularity. The moduli of rational elliptic surfaces with a section with the singular fibers of this configuration is zero-dimensional. We do not consider the rational elliptic surfaces with this configuration of the singular fibers in this study. 7 Both elliptic K3 surfaces and rational elliptic surfaces are elliptic fibrations over the base P 1 . Thus, the Weierstrass equations that we consider in this study can be seen as elliptic curves over the function field C(v), where v := t/s.
We used [t : s] to denote the homogeneous coordinate of the base P 1 . a in the equation (9) is a parameter 8 . The discriminant of the Weierstrass equation (9) is given as follows:
We confirm from equations (9) and (12) that generic members of rational elliptic surfaces (9) have one type III * fiber and three type I 1 fibers. We show the correspondence of the vanishing orders of the coefficients a 4 , a 6 of the Weierstrass equation y 2 = x 3 + a 4 x + a 6 and the types of the singular fibers in Table 2 below.
Singularity type D 7
We construct moduli of rational elliptic surfaces with a global section with the singularity type D 7 , generic members of which have one type I * 3 fiber and three type I 1 fibers. We may assume that the type I * 3 fiber is located at the origin of the base P 1 . The following Weierstrass form describes the complex structure moduli of such rational elliptic surfaces:
a in the equation (13) is a parameter. The discriminant of the Weierstrass equation (13) is given as follows:
We confirm from equations (13) and (14) that a generic member of the moduli (13) has one type I * 3 fiber and three type I 1 fibers.
Singularity type E
We construct the moduli of rational elliptic surfaces with a section with the singularity type E 6 A 1 , generic members of which have one type IV * fiber, one type I 2 fiber and two type I 1 8 Solving the condition that the Weierstrass equation of rational elliptic surfaces with a global section possesses one type III * fiber and three type I 1 fibers yields the solution with two parameters. As discussed in [21] , the coefficients of the Weierstrass equation y 2 = x 3 + a 4 x + a 6 rescale as:
under the rescaling:
Thus, one of the two parameters are in fact redundant, and the two parameters can be reduced to one parameter under the rescaling (10) and (11) . Similar arguments as that stated here apply to rational elliptic surfaces with other types of singularities.
Type of singular fiber ord(a 4 ) ord(a 6 ) ord(∆)
II * ≥ 4 5 10 Table 2 : Vanishing orders of the coefficients, and the discriminant ∆, of the Weierstrass equation y 2 = x 3 + a 4 x + a 6 , and the corresponding types of the singular fibers. fibers 9 . We may assume that the type IV * fiber is located at the infinity of the base P 1 . We may also assume that the type I 2 fibers is at the origin. The following Weierstrass equation describes this family:
a in the equation (15) is a parameter. The discriminant of the Weierstrass equation (15) is given by
We confirm from the equations (15) and (16) that a generic member of the moduli (15) has one type IV * fiber, one type I 2 fiber and two type I 1 fibers. 9 The configuration of the singular fibers, one type IV * fiber, one type III fiber, and one type I 1 fiber, is also possible for rational elliptic surfaces with the singularity type E 6 A 1 . The moduli of the rational elliptic surfaces with this configuration of the singular fibers is zero-dimensional. We do not consider the rational elliptic surfaces with this configuration of the singular fibers in this study.
Rational elliptic surfaces with singularity types of rank 6
We discuss families of rational elliptic surfaces with the singularity types E 6 and D 6 . The complex structure moduli of these rational elliptic surfaces are two-dimensional. These rational elliptic surfaces have the Mordell-Weil rank 2. Generic K3 surfaces obtained as the quadratic base changes of these rational elliptic surfaces have the Mordell-Weil rank 2, as described in Section 4.2.2.
Singularity type E 6
We construct a family of rational elliptic surfaces, generic members of which have one type IV * fiber and four type I 1 fibers. This yields a family of rational elliptic surfaces with the singularity type E 6 . Using the automorphism of the base P 1 , we may assume that the type IV * fiber is located at the infinity, and one of the four type I 1 fibers is located at the origin. The Weierstrass equation of such a family is given by the following equation:
a, b, c in the equation (17) are parameters. The discriminant of the Weierstrass form (17) is given by
We confirm from the equations (17) and (18) that a generic member of the moduli (17) has one type IV * fiber and four I 1 fibers. We may also assume that one of the remaining three type I 1 fibers is at [t : s] = [1 : 1] by the automorphism of the base P 1 . This assumption imposes the following constraint on the parameters a, b, c:
Therefore, the complex structure of the Weierstrass equation (17) is in fact determined by two parameters, and the remaining one parameter is redundant. The remaining one parameter is determined by the other two parameters and the constraint (19).
Singularity type D 6
We construct a family of rational elliptic surfaces, generic members of which have one type I * 2 fiber and four type I 1 fibers. This yields a family of rational elliptic surfaces with the singularity type D 6 . Using the automorphism of the base P 1 , we may assume that the type I * 2 fiber is at the origin, and one of four type I 1 fibers is at the infinity. The following Weierstrass equation describes this family:
a, b in the equation (20) 
We confirm from the equations (20) and (21) that a generic member of the moduli (20) has one type I * 2 fiber and four I 1 fibers.
Rational elliptic surfaces with singularity type of rank 5
We discuss families of rational elliptic surfaces with the singularity types D 5 . The complex structure moduli of such rational elliptic surfaces is three-dimensional. These rational elliptic surfaces have the Mordell-Weil rank 3. Generic K3 surfaces obtained as the quadratic base changes of these rational elliptic surfaces have the Mordell-Weil rank 3, as discussed in Section 4.2.3. We construct the moduli of rational elliptic surfaces with a section with the singularity type D 5 , generic members of which have one type I * 1 fiber and five type I 1 fibers. Using the automorphism of the base P 1 , we may assume that the type I * 1 fiber is at the origin, and one of the five type I 1 is at the infinity. The following Weierstrass equation describes this family:
a, b, c in the equation (22) are parameters. The discriminant of the Weierstrass equation (22) is given by
We confirm from the equations (22) and (23) that a generic member of the moduli (22) has one type I * 1 fiber and five I 1 fibers.
Rational elliptic surfaces with singularity type of rank 4
We discuss families of rational elliptic surfaces with the singularity type A 4 . The complex structure moduli of such rational elliptic surfaces is four-dimensional. These rational elliptic surfaces have the Mordell-Weil rank 4. Generic K3 surfaces obtained as the quadratic base changes of these rational elliptic surfaces have the Mordell-Weil rank 4, as described in Section 4.2.4. We construct the moduli of rational elliptic surfaces with a section with the singularity type A 4 , generic members of which have one type I 5 fiber and seven type I 1 fibers. Using the automorphism of the base P 1 , we may assume that the type I 5 fiber is located at the origin. This family is described by the following Weierstrass equation:
a, b, c, d, e, f in the equation (24) are parameters. The discriminant of the Weierstrass equation (24) is given by 
We confirm from the equations (24) and (25) that a generic member of the moduli (24) has one type I 5 fiber and seven I 1 fibers. Using the automorphism of the base P 1 , we may assume that one of the seven type I 1 fibers is located at the infinity. This imposes the following constraint on the parameters:
Furthermore, we may fix another type I 1 fiber. We may, for example, require that one of the remaining six type I 1 fibers is located at [t : s] = [1 : 1]. Therefore, the actual parameters are four among the six parameters a, b, c, d, e, f . The remaining two are redundant, and they are determined by the four parameters. Therefore, the moduli (24) is parameterized by four parameters. We review the quadratic base change of the rational elliptic surfaces. We consider a rational elliptic surface with a global section, described by the following Weierstrass equation:
where f, g are homogeneous polynomials of the base P 1 of degree 4 and 6, respectively. We denote the homogeneous coordinate of the base P 1 by [t : s]. A quadratic base change is an operation that replaces t, s with homogeneous quadratic polynomials:
α i , i = 1, · · · , 6 are parameters. Homogeneous polynomials f, g transform accordingly under the quadratic base change. We denote the resulting polynomials after the quadratic base change byf ,g, respectively. Therefore,f ,g are homogeneous polynomials of degree 8 and 12, respectively. The following Weierstrass equation
describes an elliptic surface obtained as the quadratic base change of the rational elliptic surface (27) . As discussed in [22] , the surface (29) gives an elliptic K3 surface. The generic quadratic base change corresponds to gluing of two identical rational elliptic surfaces, and the singular fibers of the resulting K3 surface are twice as many as those of the original rational elliptic surface [22] . Considering the quadratic base change of the rational elliptic surfaces with nonzero MordellWeil ranks, which we obtained as described in Section 3, we construct families of K3 surfaces with nonzero Mordell-Weil ranks in Section 4.2. We deduce the Weierstrass equations of the K3 surfaces obtained as the quadratic base change of rational elliptic surfaces in Section 4.2. The Mordell-Weil ranks remain the same after the base change for generic parameters of the quadratic base change; the Mordell-Weil rank increases for special values of the parameters α i , i = 1, · · · , 6. Thus, we obtain families of K3 surfaces whose Mordell-Weil ranks are 1, 2, 3, and 4 for generic values of the parameters α i , i = 1, · · · , 6.
K3 surfaces with various Mordell-Weil ranks obtained as quadratic base change
We consider the quadratic base change of rational elliptic surfaces obtained as described in Section 3 to construct families of elliptic K3 surfaces with various Mordell-Weil ranks.
K3 surfaces with Mordell-Weil rank 1
We constructed rational elliptic surfaces with the singularity types E 7 , D 7 , and E 6 A 1 as described in Section 3.1. These rational elliptic surfaces have Mordell-Weil groups of rank 1. The quadratic base change of these rational elliptic surfaces yields families of elliptic K3 surfaces with the Mordell-Weil rank 1, the singularity types of which are twice those of the original rational elliptic surfaces; the resulting K3 surfaces generically 10 have the MordellWeil rank 1, with the singularity types E To be explicit, we particularly describe the Weierstrass equation of K3 surfaces with the singularity type E 2 7 with the Mordell-Weil rank 1, obtained as the quadratic base change of the family of rational elliptic surfaces (9) with the singularity type E 7 . As discussed in Section 3.1, the Weierstrass equation of rational elliptic surfaces with the singularity type E 7 is given as follows:
The variables t, s transform as follows under the quadratic base change:
Thus, the resulting K3 surfaces are given by the following Weierstrass equation:
The elliptic K3 surface (32) has two type III * fibers and six type I 1 fibers for generic values of the parameters a and α i , i = 1, · · · , 6.
After some computations, we find that the rational elliptic surface with the singularity type E 7 (30) admits the following free section:
By comparing the general formula of a generating section of an elliptic surface with the Mordell-Weil group of rank 1 obtained in [9] with the section (33), we deduce that the section (33) is in fact a generating section of the Mordell-Weil group of the rational elliptic surface with the singularity type E 7 (30). Two identical copies of the section (33) are glued together to yield a section of the elliptic K3 surface (32) that is obtained as the quadratic base change of the rational elliptic surface with the singularity type E 7 (30). Replacing t, s in the section (33) with homogeneous quadratic polynomials as in (31), we obtain the expression for the resulting section of the elliptic K3 surface (32) as follows:
Because the quadratic base change (31) induces an injective group homomorphism from the Mordell-Weil group of the rational elliptic surface (30) to the Mordell-Weil group of the elliptic K3 surface (32), the resulting section (34) generates the group Z. The Weierstrass equations of the K3 surfaces with the singularity types D , with the Mordell-Weil rank 1 can be obtained in ways similar to that described previously. The resulting elliptic K3 surfaces with the singularity type D 2 7 , obtained as the quadratic base change of rational elliptic surfaces (13) , are described by the following Weierstrass equation:
Elliptic K3 surface (35) has two type I * 3 fibers and six type I 1 fibers for generic values of the parameters a and α i , i = 1, · · · , 6.
Elliptic K3 surfaces with the singularity type E , obtained as the quadratic base change of rational elliptic surfaces (15) , are described by the following Weierstrass equation:
Elliptic K3 surface (36) has two type IV * fibers, two type I 2 fibers and four type I 1 fibers for generic values of the parameters a and α i , i = 1, · · · , 6.
K3 surfaces with Mordell-Weil rank 2
We constructed families of rational elliptic surfaces with the singularity types E 6 and D 6 in Section 3.2. Quadratic base changes of these families yield families of elliptic K3 surfaces with the singularity types E 2 6 and D 2 6 , respectively, the Mordell-Weil groups of which generically have the ranks 2.
As described in Section 3.2.1, family of rational elliptic surfaces with the singularity type E 6 is given by the following Weierstrass equation:
Applying the quadratic base change (28), we deduce that family of elliptic K3 surfaces with the singularity type E 2 6 is described by the following Weierstrass equation:
Elliptic K3 surface (38) has two type IV * fibers and eight type I 1 fibers for generic values of the parameters a, b 11 and α i , i = 1, · · · , 6. The Weierstrass equation of family of elliptic K3 surfaces with the singularity type D 2 6 can be obtained by considering the quadratic base change (28) (20) is given as follows:
Elliptic K3 surface (39) has two type I * 2 fibers and eight type I 1 fibers for generic values of the parameters a, b and α i , i = 1, · · · , 6.
K3 surfaces with Mordell-Weil rank 3
The quadratic base change of rational elliptic surfaces with the singularity type D 5 that we constructed in Section 3.3 yields a family of elliptic K3 surfaces with the singularity type D 2 5 , the Mordell-Weil groups of which generically have the rank 3.
As described in Section 3.3, the Weierstrass equation of family of rational elliptic surfaces with the singularity type D 5 is given by
The quadratic base change (28) of the equation (40) 
Elliptic K3 surface (41) has two type I * 1 fibers and ten type I 1 fibers for generic values of the parameters a, b, c and α i , i = 1, · · · , 6.
K3 surfaces with Mordell-Weil rank 4
Family of rational elliptic surfaces with the singularity type A 4 was constructed in Section 3.4. Quadratic base change of this family yields a family of elliptic K3 surfaces with the singularity type A 2 4 , the Mordell-Weil groups of which generically have the rank 4. As described in Section 3.4, the Weierstrass equation of family of rational elliptic surfaces with the singularity type A 4 is given by
The quadratic base change (28) of rational elliptic surfaces (42) :
Elliptic K3 surface (43) has two type I 5 fibers and fourteen type I 1 fibers for generic values of the parameters a, b, c, d 12 and α i , i = 1, · · · , 6.
F-theory compactifications on the constructed families of K3 surfaces
In this section, we discuss deducing the structures of the gauge symmetries that arise in F-theory compactifications on the families of K3 surfaces with nonzero Mordell-Weil ranks, constructed as described in Section 4.2, times a K3 surface. Anomaly cancellation conditions are discussed in Section 5.2. Generic members of the family of K3 surfaces described by equation (32) have two type III * fibers and six type I 1 fibers with the Mordell-Weil rank 1. Therefore, an E 2 7 × U (1) gauge group arises in F-theory compactifications on a generic K3 surface of the family (32) times a K3. Torsion parts of the Mordell-Weil groups of the elliptic K3 surfaces with a global section are classified in [47] . The torsion part of the Mordell-Weil group of an elliptic K3 surface with the singularity type E Table 1 in [47] ). Therefore, the Mordell-Weil group of a generic member of the family (32) is isomorphic to Z, and the global structure of the gauge group in F-theory compactification is
Generic K3 surfaces of the family (35) have the singularity type D (35) is isomorphic to Z. By a similar argument as that stated previously, we deduced that the global structure of the gauge symmetry that arises in F-theory compactifications on generic K3 surfaces of the family (35) times a K3 surface is SO(14) 2 × U (1).
Generic members of the family (36) have the singularity type E [47] ; therefore, the Mordell-Weil group of a generic K3 surface of the family (36) is isomorphic to Z. Thus, we find that the global structure of the gauge group that arises in F-theory compactifications on generic K3 surfaces of the family (36) times a K3 surface is E 
K3 surfaces with Mordell-Weil rank 2
Generic K3 surfaces of the family (38) have the singularity type E 2 6 with Mordell-Weil rank 2, as described in Section 4.2.2. The torsion part of the Mordell-Weil group of a generic K3 surface (38) can be determined from the singularity type E 2 6 ; it is 0 [47] . Thus, the MordellWeil group of a generic elliptic K3 surface (38) is isomorphic to Z 2 . We deduce from these results that the global structure of the gauge group that arises in F-theory compactifications on generic elliptic K3 surfaces (38) times a K3 surface is Table 3 : Associated numbers of 7-branes for types of singular fibers.
We confirm that the anomaly cancellation condition is satisfied for F-theory compactifications on the K3 surfaces constructed in Section 4 times a K3 surface.
We consider F-theory compactification on the K3 surface (32) times a K3. The compactification space has two type III * fibers and six type I 1 fibers. Thus, we confirm from Table  3 that the number of 7-branes associated with the singular fibers is 24 in total. This shows that the anomaly cancellation condition is in fact satisfied for F-theory compactification on the K3 surface (32) times a K3.
By similar arguments as that stated here, it follows that the anomaly cancellation condition is satisfied for F-theory compactifications on the remaining K3 surfaces constructed as described in Section 4.2 times a K3.
Conclusions
In this study, we constructed families of rational elliptic surfaces with a global section, which have the Mordell-Weil ranks 1, 2, 3, and 4, utilizing the fact that the sum of the rank of the singularity type and the rank of the Mordell-Weil group of any rational elliptic surface with a section is 8. By considering the gluing of pairs of identical rational elliptic surfaces, we obtained families of elliptic K3 surfaces, the ranks of the Mordell-Weil groups of which are 1, 2, 3, and 4. We determined the Weierstrass equations to describe these families of elliptic K3 surfaces. We deduced the structures of the gauge symmetries that arise in F-theory compactifications on the obtained K3 surfaces times a K3 surface. U (1) gauge fields arise in these F-theory compactifications. Promoting the results obtained in this note concerning elliptic K3 surfaces to elliptic Calabi-Yau 3-folds and elliptic Calabi-Yau 4-folds can be future directions.
